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Non-adiabatic perturbations in multi-component perfect fluids.
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Ulyanovsk State University, Leo Tolstoy str 42, 432970, Russia
(Dated: December 28, 2017)
The evolution of non-adiabatic perturbations in models with multiple coupled perfect fluids with
non-adiabatic sound speed is considered. Instead of splitting the entropy perturbation into relative
and intrinsic parts, we introduce a set of symmetric quantities, which also govern the non-adiabatic
pressure perturbation in models with energy transfer. We write the gauge invariant equations for
the variables that determine on a large scale the non-adiabatic pressure perturbation and the rate
of changes of the comoving curvature perturbation. The analysis of evolution of the non-adiabatic
pressure perturbation has been made for several particular models.
PACS numbers: 98.80.Cq
I. INTRODUCTION.
Multi-component models play an important role in modern cosmology. They are required to study a large scale
structure formation [1, 2] and are used in multi-field inflationary models [3–5]. Multi-fluid models are also essential in
the context of preheating [6, 7]. It is well known that in cosmological models with multiple fractions the growing mode
solution of the curvature perturbation on comoving hypersurfaces R remains constant on a large scale in the absence
of any entropy perturbations [1, 2, 8]. This quantity is valuable to cosmological applications, because, for example,
it allows one to relate the perturbations generated at a stage of inflation with the primordial perturbations in the
early radiation dominated era. In the presence of the non-adiabatic pressure perturbations the comoving curvature
perturbation R always changes with time. Thus, the non-adiabatic perturbations may affect the observable power
spectrum of the adiabatic perturbations.
A scalar field and a cosmological fluid seem very different, but the distinctions are not fundamental. Any barotropic
perfect fluid can be represented as a scalar field with a nontrivial kinetic part [9]. On the other hand, in the linear
perturbation theory the scalar field with a self-coupling potential can be treated as a perfect fluid with sound speed
c2s ≡ δP/δρ (computed in the fluid rest frame) different from adiabatic sound speed c
2
s(ad) [10]. For this reason, an
effective fluid description is often used. Under this approach, a scalar field can be fully described by specifying its
sound speed and the equation of state, and by phenomenologically introducing an energy-momentum transfer between
the scalar field and other fluids. In slightly different and more general formalism, any system of N coupled canonical
scalar fields can be modelled by N "kinetic" fluids with a stiff equation of state interacting with one "potential" fluid
with a vacuum equation of state [11].
A valuable class of multi-component models is formed by the systems containing the coupled scalar fields and the
barotropic fluids. These are, among others, the cosmological models with coupled cold dark matter and dark energy,
considered as a canonical scalar field usually called quintessence. For these models there has been found the possibility
of existence of large scale instabilities at the radiation dominated stage, caused by the fast growth of non-adiabatic
perturbations [12]. Such early time instabilities have received much attention in a variety of scenarios [13–15].
Although non-adiabatic perturbations were investigated long ago, there still remain some unresolved issues. Cur-
rently, the definitions of the relative entropy perturbation for scalar fields [16, 17] (note that the authors of Refs.
[18, 19] used adiabatic and entropy field combinations instead) and of general perfect fluids with intrinsic entropy
perturbations [11, 20] are different. Thought Ref. [11] gives a unified definition of relative entropy that is appropriate
both for barotropic fluids and for scalar fields, its use leads to some theoretical difficulties. In particular, even in the
simplest single field models this method assumes, in general, a nonzero relative entropy between the "kinetic" and
"potential" fluids, which seems somewhat artificial. In the phenomenological approach there are also some problems
with the description of the interaction of these auxiliary fluids and others. It is also desirable to study the adiabatic
condition in more detail. For example, in the recent paper [21] an analytical attractor solution for dark energy per-
turbations in the synchronous gauge at a constant dark energy equation of state parameter was obtained. For this
solution, the usually imposed generalized adiabatic condition [18, 19] does not take place.
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2The aim of this work is to, at least partially, fill the gaps. The paper is organized as follows. In Section II we
briefly review the perturbed Einstein and continuity equations for a general multi-fluid model with energy exchange.
Assuming that the total energy density can be represented as a sum of energy densities of some perfect fluids, we
write, in Section III, an evolution equation for the comoving curvature perturbation R and an expression for the
non-adiabatic pressure perturbation Pnad. Instead of using of relative entropy perturbations, we introduce a set of
symmetric quantities S˜IJ that determine the Pnad in models of considered type. In Section III we also derive the
gauge invariant equations for variables that describe the evolution of non-adiabatic density and pressure perturbations.
Some applications of the proposed formalism are discussed in Section IV. In particular, the case of two minimally
coupled fluids and applications to cosmological models with coupled dark matter and quintessence dark energy is
studied in detail. We conclude the paper in Section V.
II. BASIC EQUATIONS.
Let us consider scalar type perturbations at a FRW background. The general line element for scalar perturbations
is
ds2 = a2(τ)
{
−(1 + 2φ)dτ2 + 2B,idτdx
i + [(1− 2ψ)δij + 2E,ij ]dx
idxj
}
, (1)
where four scalar φ, ψ, B, E are the first-order quantities and τ is the conformal time.
A perfect I-fluid with density ρI = ρ¯I + δρI , pressure PI = P¯I + δPI , four-velocity u
µ
I = dx
µ
I /ds and vanishing
anisotropic stress is defined to have an energy-momentum tensor of the form
T µIν = (ρI + PI)u
µ
I uIν + PIδ
µ
ν , (2)
The perturbed four-velocity can be written to the first-order terms as
uµI =
1
a
[
(1− φ) , v,iI
]
, uIν = a [−(1 + φ), vI,i +B,i] . (3)
Here, we introduce the velocity potential vI , since the fluid flow is irrotational for scalar perturbations.
Throughout this paper, we will work in the Fourier space. The first-order perturbed Einstein equations yield
3H (ψ′ +Hφ) + k2ψ + k2H (E′ −B) = −4πGa2δρ, (4)
ψ′ +Hφ = −4πGa2
(
ρ¯+ P¯
)
(B + vI), (5)
ψ′′ + 2Hψ′ +Hφ′ +
(
2H′ +H2
)
φ = 4πGa2δP, (6)
(E′ −B)
′
+ 2H (E′ −B)− φ+ ψ = 0, (7)
where k is a comoving wave number, the prime denotes the differentiation with respect to the conformal time τ , and
H = a′/a.
In the general case of N coupled fluids divergence of the energy-momentum tensor gives
T µνI;ν = Q
µ
I , (8)
The four-vectors QµA are related by the constraint [1]
N∑
I=1
QµI = 0, (9)
which results from the conservation law of the total energy-momentum tensor. For convenience, one can decompose
these 4-vectors into two parts
QµI = QIu
µ + FµI , QI = Q¯I + δQI , uµF
µ
I = 0. (10)
Here uµ is the overall four-velocity, QI is the energy density transfer rate and F
µ
I is the momentum density transfer
rate of I-fluid in the total matter gauge. We have FµI = a
−1(0, f ,iI ) up to first-order, where fI is a momentum transfer
potential [12].
The continuity equations for coupled perfect fluids can be obtained by the linearization of conservation equations
(8). As a result, one can write the background
ρ¯′I = −3H(1 + wI)ρ¯I + aQ¯I (11)
3and the perturbed equations [12]
δρ′I + 3H (δρI + δPI)− 3
(
ρ¯I + P¯I
)
ψ′ − k2
(
ρ¯I + P¯I
)
(vI + E
′) = aQ¯Iφ+ aδQI , (12)[
(ρ¯I+ P¯I)(vI +B)
]′
+ 4H(ρ¯I+ P¯I)(vI +B) + (ρ¯I+ P¯I)φ+ δPI = aQ¯I(v +B) + afI . (13)
Pressure perturbations can be expressed in terms of density and velocity perturbations as [12]
δPI = c
2
sAδρI − (c
2
sI − c
2
sI(ad))ρ
′
I
θI
k2
. (14)
where the velocity perturbation θI = −k
2(B + vI), c
2
Is(ad) = P
′
I/ρ
′
I is the I-fluid adiabatic sound speed and c
2
sI =
δPI/δρI is defined in the I-fluid rest frame. The values of c
2
Is(ad) and c
2
sI are equal for the barotropic fluid (i.e. fluid
for which the pressure depends only on the density), but this equality may not be satisfied in a general case. For
example, for a canonical scalar field one has to set c2sI = 1 [10].
Using the notation
qI ≡
aQ¯I
3H(ρ¯I + p¯I)
(15)
and the identity
w′I =
(
P¯I
ρ¯I
)′
= 3H(1 + wI)(1− qI)
(
wI − c
2
sI(ad)
)
, (16)
the equations (12),(13) can be rewritten as
(∆I − 3ψ)
′
+ 3H
(
c2sI − c
2
sI(ad) + qI(c
2
sI(ad) + 1)
)
∆I
+9H2(c2sI − c
2
sI(ad))(1− qI)
θI
k2
+ θI − k
2 (E′ −B) = 3HqI
(
φ+
δQI
Q¯I
)
, (17)
θ′I
k2
+H
θI
k2
= c2sI
(
∆I + 3H(1− qI)
θI
k2
)
+ φ+ 3HqI
(
θ
k2
−
θI
k2
)
−
a
ρI(1 + wI)
fI , (18)
where ∆I = δρI/(ρ¯I + P¯I).
III. NON-ADIABATIC PERTURBATIONS.
The comoving curvature perturbation R = ψ −H (v +B) at spatially flat background can be represented in terms
of the longitudinal gauge-invariant quantities [22]
Φ ≡ φ+H(B − E′) + (B − E′)′, Ψ ≡ ψ −H (B − E′) (19)
as
R = Ψ+
2
3
Ψ′ +HΦ
H(1 + w)
. (20)
The time derivative of equation (20) gives the well known equation
R′ =
2
3
1
H (1 + w)
{
κ2
2
a2Pnad − k
2c2s(ad)Ψ
}
, (21)
where the non-adiabatic part of the pressure perturbation is defined by
Pnad = δP − c
2
s(ad)δρ. (22)
4Substituting the expression c2
s(ad) =
∑
I
ρ¯′
I
ρ¯′
c2
sI(ad) for the overall adiabatic sound speed, at the arbitrary number of
coupled perfect fluids, one can obtain
Pnad =
∑
I
ρ¯′I
ρ¯′
(
c2sI − c
2
sI(ad)
)
ǫm +
∑
I
(ρ¯I + P¯I)c
2
sIqI∆
+
∑
I,J
(ρ¯I + P¯I)(ρ¯J + P¯J )
ρ¯+ P¯
(
c2sI∆IJ + 3H
(
c2sI − c
2
sI(ad)
)
(1− qI)
θIJ
k2
)
, (23)
where ∆ = δρ/(ρ¯+ P¯ ), ∆IJ = ∆I −∆J , and the gauge-invariant quantity
ǫm ≡ δρ+ 3H
(
ρ¯+ P¯
) θ
k2
(24)
is a comoving density perturbation [23].
The equation (23) contains quantities ∆IJ that are not gauge invariant at non-minimal coupling. Hence, following
Refs. [11], [20], [24], it is convenient to use the gauge invariant variables
∆ˆIJ =
δρI
(1− qI)(ρ¯I + P¯I)
−
δρJ
(1 − qJ)(ρ¯J + P¯J )
(25)
or
∆˜IJ = (1− qI)(1 − qJ)∆ˆIJ (26)
instead. The latter quantities are well defined even at qI = 1.
In these new variables, the expression (23) can be rewritten as
Pnad =
∑
I
ρ¯′I
ρ¯′
(
c2sI − c
2
sI(ad)
)
ǫm +
1
2
∑
I,J
(ρ¯I + P¯I)(ρ¯J + P¯J )
ρ¯+ P¯
S˜IJ , (27)
where
S˜IJ =
(
c2sI − c
2
sJ
)
∆˜IJ + 3H
((
c2sI − c
2
sI(ad)
)
(1− qI)−
(
c2sJ − c
2
sJ(ad)
)
(1 − qJ)
) θIJ
k2
. (28)
The perturbed Einstein equations (4) and (5) lead to the relation
k2
a2
Ψ = −4πGǫm, (29)
and in the long-wavelength limit k → 0 we obtain ǫm → 0. Hence, the terms with ǫm in the equation (27) can be
neglected on a large scale.
The symmetrical quantities S˜IJ are closely related to the entropy perturbations and adiabatic condition. Using the
definition of the scalar field energy-momentum tensor, the adiabaticity condition for systems of canonical scalar fields
ϕI [22]
δϕI
ϕ′I
−
δϕJ
ϕ′J
= 0 (30)
can be rewritten as
θIJ
k2
= 0, (31)
where I, J = 1, ..., N .
The adiabatic mode in multi-fluid models with barotropic coupled fluids is determined by the conditions [24]
∆ˆIJ = 0. (32)
In both cases, quantities S˜IJ vanish. The case of systems with barotropic fluids and scalar fields is more complicated,
since the leading contributions to S˜IJ depend on the gauge choice. In cosmological models with minimally coupled
5quintessence dark energy, one can put S˜IJ = 0 for the growing adiabatic mode in the longitudinal gauge, but some of
quantities S˜IJ are different from zero at leading order in kτ at "generalized initial adiabatic conditions" of [21] in the
synchronous gauge. The "generalized initial adiabatic conditions" provide only that the inequality Pnad ≪ δp holds.
In any case, to find Pnad and the comoving curvature perturbation R, it is necessary to know the values of S˜IJ .
The equation (27) shows that the non-adiabatic pressure perturbation depend on ∆ˆIJ and θIJ through their linear
combinations S˜IJ . This fact allows to simplify the analysis of the evolution of the non-adiabatic pressure perturbation
that is important for the study of possibility of the non-adiabatic early instabilities in the models with coupled fluids.
The quantities S˜IJ are completely determined by the values of ∆ˆIJ and θIJ . Following Refs. [24],[20],[11], we
introduce the notations
ǫˆI =
δQI
Q¯I
+
Q¯′I
3HQ¯I
∆, fIJ =
afI
ρI(1 + wI)
−
afJ
ρJ(1 + wJ )
, EˆIJ =
qI ǫˆI
1− qI
−
qJ ǫˆJ
1− qJ
. (33)
Then for the system of N coupled fluids (taking into account ρ =
∑
I ρI) the equations (17), (18) yield
∆ˆ′IJ −
1
2
(
q′I
1− qI
− 3H
(
c2sI − c
2
sI(ad)
)
− 3HqI
(
c2sI(ad) + 1
))∑
K
ρ¯′K
ρ¯′
(
∆ˆIK + ∆ˆJK
)
+
1
2
(
q′J
1− qJ
− 3H
(
c2sJ − c
2
sJ(ad)
)
− 3HqJ
(
c2sJ(ad) + 1
))∑
K
ρ¯′K
ρ¯′
(
∆ˆIK + ∆ˆJK
)
+
3
2
H
(
c2sI − c
2
sI(ad) + c
2
sJ − c
2
sJ(ad) + qI(c
2
sI(ad) + 1) + qJ (c
2
sJ(ad) + 1)
)
∆ˆIJ
−
1
2
(
q′I
1− qI
+
q′J
1− qJ
)
∆ˆIJ +
9
2
H2
(
c2sI − c
2
sI(ad) + c
2
sJ(ad) − c
2
sJ
)∑
K
ρ¯K + P¯K
ρ¯+ P¯
(
θIK
k2
+
θJK
k2
)
= 3HEˆIJ −
(
1
1− qI
−
1
1− qJ
)
θuc − 3H
(
c2sI − c
2
sI(ad) + c
2
sJ(ad) − c
2
sJ
) ǫm
ρ¯+ P¯
, (34)
θ′IJ
k2
−
3
2
H
(
c2sI − c
2
sJ − qI(1 + c
2
sI) + qJ(1 + c
2
sJ)
)∑
K
ρ¯K + P¯K
ρ¯+ P¯
(
θIK
k2
+
θJK
k2
)
+H
(
1−
3
2
c2sI −
3
2
c2sJ +
3
2
qI(1 + c
2
sI) +
3
2
qJ(1 + c
2
sJ)
)
θIJ
k2
−
1
2
(
c2sI(1− qI)− c
2
sB(1− qJ )
)∑
K
ρ¯′K
ρ¯′
(
∆ˆIK + ∆ˆJK
)
−
1
2
(
c2sI(1− qI) + c
2
sJ(1 − qJ)
)
∆ˆIJ =
(
(1 − qI)c
2
sI − (1− qJ )c
2
sJ
) ǫm
ρ¯+ P¯
− fIJ , (35)
where I, J,K = 1, ..., N and
θuc ≡ θ + k
2 ψ
H
(36)
is the velocity perturbation on uniform curvature hypersurfaces.
These equations agree with the equations of Ref. [24] on a spatially flat background at a vanishing anisotropic
stress 1. On a large scale, after substituting the explicit expressions for EˆAB and fAB, the equations (34),(35) form
a closed system of equations.
The system of equations (34), (35) contains N(N − 1) independent equations for the antisymmetric quantities ∆ˆIJ
and θIJ . Meanwhile, for the analysis of the evolution of the non-adiabatic pressure perturbation, it is suffices to know
only the values of N(N − 1)/2 symmetric quantities S˜IJ . In many cases of practical importance, on a large scale, it
is not need to solve the complete system of equations (34) and (35), and one can derive and solve the equations for
S˜IJ . In what follows, we consider some applications of the new variables.
1 There is a typo in the common sign of the second line of Eq. (2.196) of Ref. [24].
6IV. SEVERAL MODELS.
A. Two non-coupled fluids.
Models with non-interacting fractions are often used in modern cosmology, especially in inflationary models. They
are of interest as toy-models when considering the radiation dominated universe. Primarily, we are interested in
studying the influence of non-adiabatic sound speed on rate of decay of non-adiabatic perturbations in cosmological
models with quintessence. We would also like to clarify the general arguments [25] that the non-adiabatic perturbations
evolve independently of the adiabatic ones within the effective fluid formalism applied in the paper.
1. Non coupled barotropic fluid and scalar field.
Consider a simple model with two minimally coupled perfect fluids, indicated by subscripts A and B, where the
B-component is a barotropic fluid. In this case, the equations (34), (35) are reduced to
∆˜′AB + 3H
(
c2sA − c
2
sA(ad)
) ρ¯′B
ρ¯′
(
∆˜AB + 3H
θAB
k2
)
+ θAB = −3H
(
c2sA − c
2
sA(ad)
) ǫm
ρ¯+ P¯
, (37)
θ′AB
k2
+H
θAB
k2
−
(
c2sA
ρ¯′B
ρ¯′
+ c2sB
ρ¯′A
ρ¯′
)(
∆˜AB + 3H
θAB
k2
)
=
(
c2sA − c
2
sB
) ǫm
ρ¯+ P¯
. (38)
The definition (28) gives
S˜AB =
(
c2sA − c
2
sB
)
∆˜AB + 3H
(
c2sA − c
2
sA(ad)
) θAB
k2
. (39)
Here we restrict ourselves only to the case of constant c2sA, c
2
sB, wA, wB . At constant parameters wA, wB the
equation (16) implies the relations
c2sA(ad) = wA, c
2
sB(ad) = wB . (40)
The equations (37), (38) can be combined to form the second order equation
S˜′′AB + H
[
1 + 3
(
c2sA
ρ¯′B
ρ¯′
+ c2sB
ρ¯′A
ρ¯′
)
c2sB − c
2
sA(ad)
c2sA − c
2
sB
− 3c2sB
c2sA − c
2
sA(ad)
c2sA − c
2
sB
−
ξ′
Hξ
]
S˜′AB
+3H2
[(
c2sA
ρ¯′B
ρ¯′
+ c2sB
ρ¯′A
ρ¯′
)(
1−
H′
H2
)
−
(
1 +
H′
H2
−
ξ′
Hξ
)
c2sB
]
c2sA − c
2
sA(ad)
c2sA − c
2
sB
S˜AB
+
(
c2sA
ρ¯′B
ρ¯′
+ c2sB
ρ¯′A
ρ¯′
)
k2S˜AB = ξ
(
c2sA − c
2
sB
) ǫm
ρ¯+ P¯
, (41)
where
ξ = −
[(
c2sA − c
2
sB
)
k2 + 3H2
(
1−
H′
H2
+ 3c2sB
c2sB − c
2
sA(ad)
c2sA − c
2
sB
)(
c2sA − c
2
sA(ad)
)]
. (42)
For two barotropic fluids with the indices A and B, the equation (41) is reduced to
S˜′′AB +H
[
1− 3
(
c2sA
ρ¯′B
ρ¯′
+ c2sB
ρ¯′A
ρ¯′
)]
S˜′AB + k
2
(
c2sA
ρ¯′B
ρ¯′
+ c2sB
ρ¯′A
ρ¯′
)
S˜AB = −k
2
(
c2sA − c
2
sB
)2 ǫm
ρ¯+ P¯
. (43)
The additional multiplier k2 on the right hand side of (43) ensures that in the large scale limit k → 0, the source term
is negligibly small, and the adiabatic perturbations do not affect the entropy evolution.
When the A-component is a canonical scalar field, the implicit form of the equation (41) looks rather complicated.
We write it only for the case of radiation and subdominant scalar field. Then, on a large scale, we obtain
S˜′′AB + 3H
(
1− c2sA(ad)
)
S˜′AB + 6H
2(1 − c2sA(ad))S˜AB = −H
2
(
5− 3c2sA(ad)
)(
1− c2sA(ad)
) ǫm
ρ¯+ P¯
. (44)
7Although this equation is gauge invariant, according to the definition of S˜AB, one can drop the source only if
max{|∆A|, |∆B|,H|θA/k
2|,H|θB/k
2|} ≫ ǫm
ρ+p . This condition is not satisfied, in general, in the synchronous gauge.
Indeed, for the "generalized adiabatic initial conditions" of Ref. [21]
∆A = −
C
2
4− 3c2sA
4− 6wA + 3c2sA
(kτ)2, (45)
θA = −
C
2
c2sA
4− 6wA + 3c2sA
(kτ)3k, (46)
we get
S˜AB = (1− wA)
10− 6wA
3(7− 6wA)
C
2
(kτ)2,
ǫm
ρ¯+ P¯
= −
4
3
C
2
(kτ)2, (47)
where C is a constant. A direct verification shows that (44) holds for the "generalized adiabatic initial conditions"
only if we do not neglect the source in this equation. Thus, in the synchronous gauge, the adiabatic perturbations
give rise to non-adiabatic perturbations even on a large scale.
It is interesting to compare equation (43) and (44) at the radiation dominated stage in case the quantities S˜AB are
large enough for the sources to be neglected. The equation (43) yields on a large scale
S˜′′AB +H (1− 3wA) S˜
′
AB = 0 (fluid− fluid). (48)
The equation (44) takes the form
S˜′′AB +H (3− 3wA) S˜
′
AB + 6H
2(1− wA)S˜AB = 0 (scalar field− fluid). (49)
It follows that, if the A-fluid is the minimally coupled scalar field, the damping force is stronger. In addition, when
wA < 1, the coefficient at S˜AB is positive. Hence, at negative wA, the quantity S˜AB rapidly approaches the asymptotic
solution. For this reason, in numerical codes like, CMBFAST and CAMB, the initial dark energy perturbations are
set by default to zero.
2. Two scalar fields.
The case of two non-interacting scalar fields, and the more general case of interacting fields are studied carefully
by different methods. Here, we look at the second order equation for S˜AB only. From the original equations (34) and
(35), it is easy to write an equation for θAB. It has the form
θ′′AB
k2
+ H
(
1− 3
(
c2sA(ad)
ρ¯′B
ρ¯′
+ c2sB(ad)
ρ¯′A
ρ¯′
))
θ′AB
k2
+ θAB
+H2
(
3− 2
H′
H2
− 3
(
c2sA(ad)
ρ¯′B
ρ¯′
+ c2sB(ad)
ρ¯′A
ρ¯′
))
θAB
k2
= 3H
(
c2sA(ad) − c
2
sB(ad)
) ǫm
ρ¯+ P¯
. (50)
At constant adiabatic sound speeds, this equation can be rewritten in terms of S˜AB as
S˜′′AB + H
(
1− 2
H′
H
− 3
(
c2sA(ad)
ρ¯′B
ρ¯′
+ c2sB(ad)
ρ¯′A
ρ¯′
))
S′ + k2S˜AB
+H2
(
2
H′2
H4
−
H′′
H3
+ 3
(
1− c2sA(ad)
ρ¯′B
ρ¯′
− c2sB(ad)
ρ¯′A
ρ¯′
)(
1−
H′
H2
))
S˜AB
= −9H2
(
c2sA(ad) − c
2
sB(ad)
)2 ǫm
ρ¯+ P¯
. (51)
In general, one has to take into account the source term even on a large scale, but usually the scalar fields are
considered in the longitudinal (E = B = 0) gauge. The well known long-wavelength adiabatic solution in this gauge
[16, 17] can be rewritten as
φ = ψ = C
(
1−
H
a2
∫ τ
τ1
a2dτ
)
, (52)
8∆A = ∆B = −3C
H
a2
∫ τ
τ1
a2dτ, (53)
θA
k2
=
θB
k2
=
C
a2
∫ τ
τ1
a2dτ, (54)
where C and τ1 are constants. By the definition (24), the value of ǫm vanishes now in the leading order, and the right
hand side of the equation (51) can be neglected.
B. Special case of three fluids.
Consider the Universe filled with quintessence dark energy (A), dark matter (B) and radiation (C), and assume
that the dark energy and the dark matter couple. Since the variables ∆ˆIJ , θIJ are antisymmetric and constrained by
∆ˆAB + ∆ˆBC + ∆ˆCA = 0, θAB + θBC + θCA = 0, (55)
there are only four independent variables among them.
Using the relations (55) and the equalities c2sB = c
2
sB(ad), c
2
sC = c
2
sC(ad), which are valid for barotropic fluids, the
equations (34) and (35) can be reduced to set
∆ˆ′AC −
(
q′A
1− qA
− 3H
(
c2sA − c
2
sA(ad)
)
− 3HqA(c
2
sA(ad) + 1)
)(
ρ¯′B + ρ¯
′
C
ρ¯′
∆ˆAC −
ρ¯′B
ρ¯′
∆ˆBC
)
+9H2
(
c2sA − c
2
sA(ad)
)( ρ¯B + P¯B + ρ¯C + P¯C
ρ¯+ P¯
θAC
k2
−
ρ¯B + P¯B
ρ¯+ P¯
θBC
k2
)
+
(
ρ¯B + P¯B + ρ¯C + P¯C
ρ¯+ P¯
1
1− qA
+
ρ¯A + P¯A
ρ¯+ P¯
)
θAC −
qA
1− qA
ρ¯B + P¯B
ρ¯+ P¯
θBC
= 3HEˆAC −
qA
1− qA
θuc − 3H
(
c2sA − c
2
sA(ad)
) ǫm
ρ¯+ P¯
, (56)
θ′AC
k2
+ H
(
1− 3c2sC
) θAC
k2
− 3H
(
c2sA − c
2
sC − qA(1 + c
2
sA)
)( ρ¯B + P¯B + ρ¯C + P¯C
ρ¯+ P¯
θAC
k2
−
ρ¯B + P¯B
ρ¯+ P¯
θBC
k2
)
−
(
(1 − qA)c
2
sA − c
2
sC
)( ρ¯′B + ρ¯′C
ρ¯′
∆ˆAC −
ρ¯′B
ρ¯′
∆ˆBC
)
− c2sC∆ˆAC =
(
(1− qA)c
2
sA − c
2
sC
) ǫm
ρ¯+ P¯
− fAC , (57)
∆ˆ′BC −
(
q′B
1− qB
− 3HqB(c
2
sB(ad) + 1)
)(
ρ¯′A + ρ¯
′
C
ρ¯′
∆ˆBC −
ρ¯′A
ρ¯′
∆ˆAC
)
+
(
ρ¯B + P¯B
ρ+ p
+
ρ¯A + P¯A + ρ¯C + P¯C
ρ¯+ P¯
1
1− qB
)
θBC −
ρ¯A + P¯A
ρ¯+ P¯
qB
1− qB
θAC = 3HEˆBC −
qB
1− qB
θuc, (58)
θ′BC
k2
+ H
(
1− 3c2sC
) θBC
k2
− 3H
(
c2sB − c
2
sC − qB(1 + c
2
sB)
)( ρ¯A + P¯A + ρ¯C + P¯C
ρ¯+ P¯
θBC
k2
−
ρ¯A + P¯A
ρ¯+ P¯
θAC
k2
)
−
(
(1 − qB)c
2
sB − c
2
sC
)( ρ¯′A + ρ¯′C
ρ¯′
∆ˆBC −
ρ¯′A
ρ¯′
∆ˆAC
)
− c2sC∆ˆBC =
(
(1− qB)c
2
sB − c
2
sC
) ǫm
ρ¯+ P¯
− fBC .(59)
At the radiation dominated stage the dark energy and dark matter are subdominant, ρA
ρ
≪ 1, ρB
ρ
≪ 1, which
allows to simplify the equations. Furthermore, we assume that we can neglect terms with ǫm
ρ+p in the long-wavelength
limit. As a result, on a large scale, we obtain the approximate equations
∆˜′AC + 3H
(
c2sA − c
2
sA(ad) + qA(c
2
sA(ad) + 1)
)
∆˜AC + 9H
2(c2sA − c
2
sA(ad))(1 − qA)
θAC
k2
= 3H(1− qA)EˆAC , (60)
θ′AC
k2
+H
(
1− 3c2sA + 3qA(1 + c
2
sA)
) θAC
k2
− c2sA∆˜AC = −fAC , (61)
∆˜′BC + 3HqB(c
2
sB(ad) + 1)∆˜BC + θBC + qBθuc = 3H(1− qB)EˆBC , (62)
θ′BC
k2
+H
(
1− 3c2sB + 3qB(1 + c
2
sB)
) θBC
k2
− c2sB∆˜BC = −fBC . (63)
In the following we explicitly use the values c2sA = 1, c
2
sB = 0, c
2
sC = 1/3.
91. Example 1.
As a simple model, consider the coupling [26]
Qµ = γρAρB(u
µ
B − u
µ
A), (64)
where γ is a constant.
For such interaction, all the quantities Q¯A are zero and the evolution of background variables is the same as at
minimally coupled fractions. Now qA = qB = ǫA = ǫB = 0 and
fAC ≈
aγρ¯B
1 + wA
θAB
k2
, fBC ≈ −aγρ¯A
θAB
k2
. (65)
The equations (62) and (63) give
∆ˆ′BC + θBC = 0, (66)
θ′BC
k2
+H
θBC
k2
= aγρ¯A
θAB
k2
. (67)
We consider here only the case of wA < −1/3. Since for minimally coupled fractions ρ¯A ∝ a
−3(1+wA) and
∣∣aγρ¯A
H
∣∣≪ 1
at early times, we find that one can consistently assume that ∆˜BC = θBC = 0 if θAB are not very large. Then the
first two equations, (60) and (61), are simplified to
∆˜′AC + 3H (1− wA) ∆˜AC + 9H
2(1− wA)
θAC
k2
= 0, (68)
θ′AC
k2
+H
(
aγρ¯B
H(1 + wA)
− 2
)
θAC
k2
− ∆˜AC = 0. (69)
These equations can be rewritten in the equivalent form
S˜′AC +H
(
1 +
aγρ¯B
H(1 + wA)
)
S˜AC = H
[
5
3
− wA +
2
3
aγρ¯B
H(1 + wA)
=
]
∆˜AC , (70)
∆˜′AC +H (1− 3wA) ∆˜AC = −3HS˜AC . (71)
Concerning the sufficiently early Universe, we have
∣∣∣ aγρ¯B
H(1+wA)
∣∣∣≫ 1. Under this condition one can obtain the second
order equation
S˜′′AC +H
aγρ¯B
H(1 + wA)
S˜′AC + 3H
2 (1− wA)
aγρ¯B
H(1 + wA)
S˜AC = 0. (72)
The presence or absence of instabilities is completely determined by the sign of the coupling constant γ. At negative
γ, there are an anti-damping force and tachyonic instability, which increase indefinitely in the limit a → 0 and lead
to a catastrophic growth of S˜AC and a non-adiabatic pressure perturbation Pnad.
2. Example 2.
Another simple coupling is QA = −QB = γρB [12]. At the radiation dominated stage the background dark sector
densities are
ρ¯A =
aγτ
3wA + 2
ρ¯B, ρ¯B ∝ a
−3. (73)
This background solution yields
E˜AC ≈ qA∆˜BC , E˜BC ≈ 0, (74)
fAC = −
1
τ
3wA + 2
1 + wA
θBC
k2
, fBC ≈ 0, (75)
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where
qA =
3wA + 2
3(1 + wA)
. (76)
The equations (60)-(63) reduce now to
∆˜′AC + 3H (1− wA + qA(wA + 1)) ∆˜AC + 9H
2(1− wA)(1− qA)
θAC
k2
= 3HqA∆˜BC , (77)
θ′AC
k2
+H (6qA − 2)
θAC
k2
− ∆˜AC =
1
τ
3wA + 2
1 + wA
θBC
k2
(78)
and
∆˜′BC + θBC = 0, (79)
θ′BC
k2
+H
θBC
k2
= 0. (80)
From the last two equations it follows that one can consistently assume that ∆˜BC = θBC = 0, if this condition was
fulfilled initially. The first two equations (77) and (78) then give
∆˜′AC + 3H (1− wA + qA(wA + 1)) ∆˜AC + 9H
2(1 − wA)(1 − qA)
θAC
k2
= 0, (81)
θ′AC
k2
+H (6qA − 2)
θAC
k2
= ∆˜AC . (82)
Using the definition of S˜AC , the equation (76), and substituting H = 1/τ , one can write now the second order
equation
S˜′′AC +
1
τ
11wA + 9
1 + wA
S˜′AC +
2
τ2
11wA + 9
1 + wA
S˜AC = 0. (83)
Assuming a power-law form of the solution S˜AC ∝ τ
n˜, we obtain the algebraic equation for the power-law index
n˜2 +
10wA + 8
1 + wA
n˜+ 2
11wA + 9
1 + wA
= 0, (84)
with the roots
n˜± = −
5wA + 4
1 + wA
±
√
3w2A − 2
1 + wA
. (85)
The equations (27) and (73) imply that on a large scale Pnad ≈
ρA
ρ
S˜AC ∝ τ
3S˜AC . Hence, Pnad = C1τ
n+ + C2τ
n− ,
where C1, C2 are constants and
n± = −
2wA + 1
1 + wA
±
√
3w2A − 2
1 + wA
. (86)
The resulting expression agrees with the equation (73) of [12] and a further analysis is identical to the one given in
Ref. [12].
V. CONCLUSION.
In this paper we considered the evolution of the non-adiabatic perturbations in the models with multiple interacting
fluids with c2sI 6= c
2
sI(ad). We wrote the gauge invariant equations for the variables that determine the non-adiabatic
pressure perturbation and the rate of changes of the comoving curvature perturbation R in the models with energy
exchange . The analysis of these equations was made for several particular models. One can see that the quantities
S˜IJ , introduced in the paper, allow to clarify the features of the non-adiabatic perturbations evolution in multi-fluid
cosmological models.
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